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Elastic scatterer interaction via generalized Born series 
and far-field approximations 
P.J. Schafbuch, a) R.B. Thompson, and F.J. Rizzo 
Center for Nondestructive Evaluation and Department of Aerospace Engineering and Engineering Mechanics, 
Iowa State University, Ames, Iowa 50011 
( Received 7 January 1992; accepted for publication 20 August 1992) 
Methods for solving elastic wave scattering problems in three dimensions (3D) with multiple 
inhomogeneities are discussed. A problem of homogeneous, isotropic elastic defects in an 
otherwise homogeneous, isotropic elastic full-space is formulated as a boundary integral 
equation. This equation is solved by discretizing the surface of each scatterer in a fashion 
known as the boundary element method. The resulting matrix equation may be solved in a 
fully implicit manner, but an implicit-iterative method is more efficient. With this hybrid 
method, a portion of the nonsingular integral operator is expanded in a Neumann series. 
Terms in this series correspond physically to N th-order Born approximations of the scatterers' 
interaction. The relative advantage of this hybrid scheme depends on the number of iterations 
required. Except for closely situated strong scatterers, terms beyond the first few orders are not 
significant and thus the method can be quite advantageous. When the separation is large, 
another approximate method which ignores the evanescent portion of the near scattered field 
and further neglects the curvature of scattered waves is appropriate. Results from the 
converged, implicit-iterative approach are compared with this far-field approximation for 
many situations involving spheroidal voids. The validity of this approximation is explored in 
the near field. 
PACS numbers: 43.35.Cg, 43.20.Gp 
INTRODUCTION 
The problem of scatterer interaction appears in acous- 
tic, elastic, and electromagnetic ontexts. Our focus here is 
on elastic wave scattering. Determining elastic wave scatter- 
ing by a single, isolated inhomogeneity in an otherwise 
homogeneous, isotropic host medium is by itself a formida- 
ble problem. However, material inhomogeneities can and do 
occur in clusters. In the ultrasonic nondestructive evalua- 
tion (NDE) context, from which we derive our motivation, 
these clusters can be porosity in metal castings or disbonds in 
composite materials, etc. Our approach to this class of prob- 
lems is based on deterministic knowledge of each individual 
scatterer. Much of the early work on this topic 1-3 has relied 
on the T-matrix method and addressed problems involving 
pairs of spheres and spheroids. More recently, results based 
on the boundary element method (BEM) have appeared for 
a periodic array of cracks, 4 two cracks at various orienta- 
tions, 5 and a crack/cavity combination. 6 Another related 
class of problems deals with discrete random media which 
has many scatterers and only statistical knowledge of size, 
shape, orientation, etc., is available. 7 In this paper we pres- 
ent our results for two interacting voids based on methods 
which are formulated more generally in terms of two elastic 
scatterers. These methods are extendable to the "few" body 
problem, and the results have implications for the many bod- 
ied (random media) problem. This work is different from 
a) Current affiliation: Fisher Controls International, Marshalltown, IA 
50158. 
previously cited efforts in that it is based on a three-dimen- 
sional BEM implementation of the governing time-harmon- 
ic form of the direct boundary integral equation (BIE). 
Solving multiple scatterer problems is possible by a 
straightforward interpretation of the procedure for a single 
isolated scatterer. However, a much more efficient proce- 
dure is possible for many situations of importance to NDE. 
Schuster 8 presented a hybrid method for multiple acoustic 
scattering which deals with the interaction between the scat- 
terers in an iterative fashion and each scatterer's self-interac- 
tion by a fully implicit approach. Schuster's method should 
not be confused with methods which attempt to solve for an 
individual scatterer's self-interaction iteratively. Such itera- 
tive methods for solitary scatterers include those based on 
the standard Born approximation. This approximation is 
known to fail with void inhomogeneities for most intermedi- 
ate frequency situations, 9 but the present hybrid method for 
the cross interaction called the generalized Born series ap- 
proximation is not comparably limited. Iterative methods 
for solving a single scatterer's BIE-generated matrix equa- 
tionS? are also fundamentally different from Schuster's ap- 
proach. 
Theoretical insight is given into why iterative solutions 
can work easily for cross interaction but have difficulty with 
self-interaction. The efficient hybrid means for solving mul- 
tiple scattering problems is used to generate and investigate 
the accuracy of truncated Born series solutions for cross in- 
teraction and to understand the physics of multiple scatter- 
ing including interference and resonance. The limits of appli- 
cability of some very simple multiple scattering approx- 
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imations are investigated and found to be good over a large 
parameter space. 
I. SOLITARY SCATTERING PROCEDURES 
A numerical approach is required to determine scatter- 
ing from solitary defects of arbitrary shape even when both 
the defect and host materials are homogeneous and isotrop- 
ic. The details of the BIE formulation and its numerical im- 
plementation are reviewed here only to a sufficient level to 
allow understanding of the extension to multiple scattering. 
For more background, see Refs. 11-15. 
A. Boundary integral equation 
When the linear differential operator governing elastic 
wave propagation is written in time-harmonic form, it has an 
elliptical nature, and a generalized form of Green's recipro- 
cal identity can be readily applied to it. If one of the identity's 
operands is chosen to be the fundamental solution (free- 
space Green's function), an integral equation can be derived 
when the field point p of that Green's function is taken to the 
boundary. When no body forces are present, the resulting 
boundary integral equation (BIE) involves a surface inte- 
gral only (in 3D)mthus the dimensionality of the problem is 
reduced. By writing the BIE for the incident field in the 
domain of the scatterer as if it were made of the host material 
and again for the scattered field in the complementary do- 
main, the Somigliana formula which we use is derived. This 
formula is 
CT(p)u(P'Cø) = •s [UT(p'q'cø)t(q'cø) 
-- TT(p,q,co)u(q,co) ]dS(q) d- uZ(P,CO), 
(1) 
where q is a point of the inhomogeneity boundary S. The 
displacement vector u and traction vector t are complex due 
to the time-harmonic formulation. An e- i•, time depend- 
ence is implied. The U tensor represents the fundamental 
solution and T is related to its normal (to S) derivative 
through Hooke's law. They are singular when the field point 
p is at q and the integral involving T r exists only in the sense 
of the Cauchy principal value (CPV). The C tensor depends 
on the topology of S at p, i.e., if p is on a side, edge, or 
corner. 13 Superscript I on u denotes the incident field, while 
no superscript implies the total field. Equation ( 1 ) is used to 
find the unknown total field quantities at the surface from 
specified boundary conditions and the incident field. 
In general, a boundary surface may contain regions of 
Dirichlet, Neumann, and Robin (mixed) boundary condi- 
tions. But, for scattering, the entire boundary usually only 
has one type. For a void, tractions are all specified as zero 
and the displacements are unknown. For an elastic inclu- 
sion, the BIE is written again for the total field in the in- 
homogeneity. This time there is no explicit incident field 
term as in Eq. (1). The incident field's effect is passed 
through the boundary. When the displacements and trac- 
tions are matched up at the boundary, a pair of coupled BIEs 
which define the so-called transmission problem results. •5 
B. Boundary element method 
With the boundary element method the surface inte- 
grals in the BIE are computed by dividing S into sections 
(i.e., elements). Three- and four-sided elements with curved 
edges are used, and each element is defined by either six or 
eight nodes, respectively. The locations of the nodes are de- 
fined in three-space, and the value of the field at those loca- 
tions are the discrete values being solved for. Over each ele- 
ment, both the geometry (the curvature of the element face) 
and the field values are interpolated with quadratic shape 
functions in each direction. The integral over each element is 
approximated by Gauss quadrature in terms of the nodal 
field values. The number of Gauss quadrature points per 
element is adjusted as needed. TM 
Collocating the discretized BIE(s) at each node results 
in a set of simultaneous linear algebraic equations. For a void 
and elastic inclusion, respectively, the matrix equations have 
the form 
Hex t ] - I(U/), 
Hint Gint 
(2a) 
The complex coefficients which comprise the matrices G and 
H are functions of frequency, material properties, and the 
inhomogeneity geometry. The subscripts refer to the BIEs 
for the internal or external domain, respectively. The G ma- 
trix comes from integration of the fundamental solution ker- 
nel, U r, whereas the H matrix is from the gradient kernel, 
Tr, and both are fully populated. The formal inverses are not 
computed as such but represent a decomposed matrix from 
which boundary solutions may be obtained for various inci- 
dent fields via the forward elimination and backward substi- 
16 tution processes. 
C. Incident and scattered fields 
The incident field displacements must be specified at the 
BEM nodes. For an incident plane longitudinal (L) wave, 
these displacements are given by 
u'(p) = Ia (k/lkl)exp(zl{.p), (3) 
with the implied harmonic time dependence, p is the coordi- 
nate vector of the node, k is the wave-number vector, and 
is the amplitude. 
A form of Eq. ( 1 ) can be used to determine the scattered 
field from the BIE boundary solution. Using superscript S to 
denote the scattered field and employing the field decompo- 
sition rule, 
uS(p) =u(p) 
= fs[Ur(p,q)t(q) -- Tr(p,q)u(q)]dS(q). (4) 
This formula, known as the interior representation integral, 
is written for the exterior domain and the field point p now 
denotes any point in the host medium and not on the bound- 
ary. 
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One particularly convenient and commonly used mea- 
sure of the scattered field is known as the scattering ampli- 
tude A. By definition, 
uS• s 
lim (5) 
where r is the distance from the apparent center of the 
spherically spreading wave (i.e., k m is the wave number of 
the scattered wave mode being considered, and • s is its po- 
larization direction of particle motion). A is a function of 
scatterer shape and properties, host properties, and incident 
and scattered directions (0,•b). Physically, A defines the 
magnitude and relative phase of the spherically spreading 
wave generated in the far field of a scatterer due to an inci- 
dent plane wave. The A's are defined for all combinations of 
incident and scattered wave types (L-L, L- T, T-L, and T- T). 
Another convenient quantity that will be used exten- 
sively in this paper is the total scattering cross section or. It 
relates the total power in the scattered field (summed over 
all modes) to the power flux in the incident field. A conser- 
vation of energy argument hen relates the total cross section 
to the power removed from the incident field (the forward 
scattering amplitude). 17 Utilizing our nomenclature and 
conventions, 
4•a 2 
k L a 
Im[A(O'= 0 s, •'-- •s, •,= •s) ]; (6) 
A and cr have units of length and area, respectively. The ex- 
amples in this paper all have a characteristic dimension of 
the inhomogeneity a, which is normalized to unity. The scat- 
tering amplitudes and cross sections presented are based on 
that unit of measure, as is customary. 
II. MULTIPLE SCATTERING PROCEDURES 
Until this point, we have presented our method as 
though the inhomogeneity from which the scattering occurs 
is defined mathematically by one connected domain. How- 
ever, the same governing BIE can be derived for multiple 
scatterers. In fact, the scattering from multiple defects can 
be calculated by the methods described thus far, if the do- 
main of the integral in Eqs. (1) and (4) is taken to be the 
surface of all the scatterers. In terms of computer implemen- 
tation, only the element and node definitions of the second 
(and so on) surfaces must be modified to lie in sequence and 
at the appropriate position. The complete set of equations for 
all the scatterers is then solved via a single LU decomposi- 
tion process. This approach is termed the fully implicit 
method. 
Schuster 8 explains his hybrid approach in terms of oper- 
ators and matrices and refers to it as a generalized Born 
series. We shall first relate the Born series and generalized 
Born series to classical integral equation theory. Then the 
mathematical underpinnings are given physical significance, 
and finally the numerical implementation of the generalized 
Born series is explained in terms of solitary scatterer proce- 
dures. 
A. Neumann series 
The Fredholm equation of the second kind serves as a 
model integral equation for discussing scattering BIE solu- 
tion schemes. It has the form 
2 y(x) -- f(x) d- A K(x,•')y(•')d•'-- f -t- A•/'l [y], I 
(7) 
where y is the unknown function, K is a two point kernel 
function, and x represents he domain coordinate(s); •-&• is 
the symbolically more compact, equivalent integral opera- 
tor. Equation (7) may be solved iteratively under certain 
restrictions on 2 and K. 18 For example, if K is continuous 
with maximum value Kin, then an iterative solution using a 
Neumann series is possible when 
I A IKm 1•'2 -- •'l I < 1. (8a) 
More generally, it is required that 
II1'11 < 1, (8b) 
where I1'11 is a suitable norm. By defining 
,•_•'n + l[g] = •[•,[g]], (9) 
the iterative solution is then expressible solely in terms of the 
load function f, 
y(x) :f(x) -I- • 2 n•Fn[f(x) 1. (10) 
n•-I 
For a single scattering problem, this Neumann series is also 
known as the Born series, since the N th Born approximation 
is the N th partial sum of this series. 
The Neumann series solution criteria applies to bound- 
ed kernels and the kernels in our BIE are singular. In multi- 
ple scattering this complication can be avoided by dividing 
the domain of the CPV integral into two parts. One part • 
contains the field point (where the kernels become singular) 
and the other part, •,/, is over the remainder of the domain. 
A Neumann series can then be written appropriately for the 
nonsingular portion, provided the requirement of Eq. (8) is 
met. Applying this approach to Eq. ( 1 ) also requires several 
conceptual steps from scalar to vector equations and inte- 
grating over a surface in R 3 rather than on an interval. The 
rationale for these claims and details of the preceding argu- 
ments are given in Ref. 19. 
B. Born and generalized Born series approximations 
The Born approximation originated in the context of 
quantum mechanical scattering theory, but it has been used 
extensively and successfully in both acoustic and elastic 
wave scattering. Often, the term Born approximation carries 
the connotation "first Born approximation." From Eq. 
(10), we see the first term in the Neumann series merely 
replaces the unknown function y under the integral with the 
inhomogeneous termf. Physically, the total field on the scat- 
terer surface is being estimated by the incident field. This 
implies that the scattered field must be comparatively weak. 
Some useful solitary scatterer problems can be solved rather 
easily by the first Born approximation since it replaces solv- 
ing the integral equation with performing a spatial Fourier 
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transform. 9 As might be expected, this approximation 
works best for weak scatterers (impedance similar to host 
impedance )--even in some cases for intermediate and high 
frequency. It will always break down above some frequency 
which depends on the defect. 
For strong solitary scatterers one might expect that in- 
cluding additional terms of the Neumann series would pro- 
vide a satisfactory approximate solution. However, the theo- 
retical impropriety of using an Eq. (10) type approach on 
singular kernels does lead, in practice, to methods that do 
not always converge. 2ø For situations that do converge, add- 
ing more terms improves accuracy but, for voids, the kLa 
range which converges is limited. Kleinman et al. have 
shown that the parameter space over which the Neumann 
(Born) series will converge can be expanded by using relaxa- 
tion. 2t 
As might be deduced from the 1/r decay in the strength 
of the scattered field, the interaction of multiple inhomo- 
geneities i only important if the scatterers are fairly close. 2'3 
An approximation for the interaction between multiple scat- 
terers, which is somewhat analogous to the first Born ap- 
proximation, is to assume that the scatterers do not affect 
one another. The scattering amplitude or total cross section 
is merely the complex sum of those values for each solitary 
scatterer as adjusted by the proper phase according to rela- 
tive position. This approximation was used in Refs. 2, 3, and 
22, and we will refer to it as thefirst-order multiple scattering 
approximation. Neglecting the interaction is similar to a 
first-order Born approximation because it assumes the inci- 
dent field at a given scatterer location is much stronger than 
the field due to scattering from the other inhomogeneities. 
For the higher-order Neumann series approximations 
of the interaction, the governing BIE [Eq. ( 1 ) ] is written in 
split domain form as was suggested for the model integral 
equation. The complete domain S is separated into two 
parts--the individual scatterer in which the collocation 
point resides, Sp, and the remaining scatterer(s), f•p. By 
comparing the integral over f•v with Eq. (4), it is evident 
that the resulting formalism is equivalent to a BIE for the 
solitary scatterer Sv with a net incident field equal to the 
global incident field plus the field scattered by the other in- 
homogeneities. Practical use of the Neumann series requires 
the true value of the dependent variables (u,t) to be approxi- 
mated by a truncated Nth partial sum, (uN,tN). Since the 
scattered field from the other inhomogeneities is not known 
until Eq. ( 11 ) has been used to solve for them, the previous 
partial sum (uN_ i,t•_ 1 ) is used as a basis for an estimate, 
Ctu• = s, [Utts - Ttus ]dS 
- Ida +u'. 
p 
Since Neumann series are uniformly convergent, this ap- 
proximation becomes quite good as N becomes large. is 
There is a clear physical interpretation to the boundary 
solution partial sums. For N equal to 1, the scattered field is 
due to each scatterer acting individually•hence, the waves 
have only been scattered by one object. For N equal to 2, the 
once scattered solution is used to determine the net incident 
field on S• so the result includes the influence of both once 
and twice scattered waves. For N equal to 3, thrice scattered 
waves are also included and this argument extends on to 
higher-order N. However, the solution for a single scatterer 
contains the influence of all internal reverberations for the 
given net incident field. Note that this interpretation is in- 
consistent in the time domain for small Nif the scatterers are 
close together, because the time for all significant internal 
effects may then be on the order of the interflaw wave transit 
time. While the Born approximation and the generalized 
Born series approximation share some underlying math- 
ematics, they are quite different physically. 
C. Hybrid implicit-iterative method 
The two-scatterer problem is illustrated, but the ap- 
proach is easy to extend conceptually to additional scat- 
terers. The compound matrix formed by dealing with both 
scatterers imultaneously, as with the fully implicit method, 
can be segregated into the matrices for each one individually 
and the matrices linking them. Using subscripts 1 or 2 to 
identify the two scatterers, 
Hint Gint 11 0 0 tl __ 
H21 G21 Hext ' 
0 0 Hint Gint 22 t2 
(12) 
where the [ ]ii are the self-influence matrices created by 
applying Eq. ( 1 ) to each scatterer. The Gi• and Hi• are cross- 
influence matrices relating to tractions and displacements, 
respectively, and can be computed from Eq. (4). Up to 1/4 
(for two inclusions) of the entire matrix actually consists of 
zero coefficients ince any equations written for the internal 
fields of each scatterer are unaffected by the other scatterer. 
Equation (12) can be divided into two matrix equations, 
each of one-half the dimension, that couple through the 
right-hand side (rhs). Since the resulting rhs is a function of 
the solution, an iterative solution is suggested: 
t(N+ 1) Hint Gint ii -i 
= {UI--[Hij]{uJN)} -- [Gij]{t)N)}} o 
for 
2 ' (13) 
The first Born approximation for the interaction neglects 
any coupling, so the cross-scattering isassumed zero for the 
first iteration. The form of Eq. (13) is a direct interpretation 
of the multiple scattering BIE [Eq. ( 11 ) ]. Numerically ori- 
ented readers may also recognize this algorithm as a block 
form of Gauss-Seidel iteration applied to Eq. (12). 
Of particular interest is the potential for significant 
computational savings on parameter studies needed by NDE 
research and application. Sets of linear algebraic equations, 
such as those represented by Eqs. (2a), (2b), and (12), are 
often solved by a factoring process known as LU decomposi- 
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tion. 16 The advantage of this method over standard Gauss 
elimination occurs when the solution of multiple rhs's is re- 
quired. Once the decomposition process has been completed, 
the solution for each case is obtained by computationally 
modest, forward and backward substitution processes. Just 
as a previously decomposed matrix for a single scatterer can 
be used with different incident fields, II the relative orienta- 
tions and combinations of any two scatterers can use pre- 
viously formed and decomposed self-interaction matrices. 
The cross-interaction matrices must be formed for each rela- 
tive orientation/position but can be reused with various inci- 
dent fields. Since the matrices have only been rearranged, the 
matrix formation process benefits only from using pre-exist- 
ing matrices but the decomposition process reaps benefits 
even for a single relative position. To illustrate this, consider 
two void meshes with the same number of nodes. Decompos- 
ing a complex nonsymmetric matrix requires approximately 
144n 3 floating point operations where n is the number of 
nodes. 16 Therefore, decomposing the compound matrix re- 
quires four times as many operations ( 144 [2n ] 3) as the two 
individual self-interaction matrices do together (2 X 144n 3 ). 
On the other hand, the hybrid method solution for each inci- 
dent field requires an iterative set of forward and backward 
substitutions, and matrix-vector multiplications. Each itera- 
tive step requires approximately 288n 2 floating point opera- 
tions, 16 which is the same as that required to solve the de- 
composed compound (2n X 2n) matrix completely. Clearly, 
the actual advantage of the hybrid method depends on the 
numbers of equations, iterations, and fields. But for a realis- 
tic 40-element model with 117 nodes, the decomposition 
phase for a single self-interaction matrix theoretically re- 
quires 234 times more operations than the solution phase. 
Thus the CPU time for a few iterations is significantly 
smaller than the savings on LU decomposition time. 
III. GENERALIZED BORN SERIES APPROXIMATION 
RESULTS 
The formalisms and procedures discussed in the preced- 
ing sections are now used to quantify the scattering from two 
cavities. Figure 1 is a 2-D representation of the general 3-D 
problem of two dissimilar shapes with a planar incident field 
propagating in an arbitrary direction. The first concern is 
whether the hybrid approach and the fully implicit approach 
produce similar results. A conservative convergence crite- 
rion is used, namely, that the maximum change in any nodal 
field value between successive iterations must be less than 
0.001% of the incident field magnitude Ia. In principle, the 
two methods should agree, and, in fact, the difference be- 
tween results is only a tiny fraction of a percent. This result is 
true regardless of the separation distance, as long as the hy- 
brid method remains convergent. Errors for conditions that 
are very slow to converge are in general no larger than those 
which converge quickly. A graphical demonstration of this 
agreement is omitted because it is rather uneventful, and not 
because it is insignificant. Unless otherwise stated, the BEM 
results in this paper are from the hybrid approach. 
d 
FIG. 1. General problem of two, possibly dissimilar scatterers with an arbi- 
trarily incident plane wave. The scatterer centroids are separated by dis- 
tance d, and the scattered field may be quantified in any direction. 
A. Truncated series 
In this section the validity of a truncated, generalized 
Born series approximation is explored. In Fig. 2, our con- 
verged BEM results are compared with similar T-matrix re- 
sults ofBostr6m 23 and with an approximate analytical solu- 
tion. The scatterers are identical unit radius spherical voids 
in an elastic material with a Poisson's ratio of 0.3. The sepa- 
ration of the sphere centers is three units and the dimension- 
less frequency kL a equals 1, where a is the sphere radius. The 
magnitude of the backscatter (0 s = 180 ø + 0 i) amplitude is 
given for incident angles ranging from 00-90 ø . The agree- 
ment between the BEM and the T-matrix results is excep- 
tional, somewhat verifying our procedures. 
The analytical approximation utilizes the first-order ap- 
proximation of multiple scattering. Since the cavities are 
0.00 
o •o 20 30 40 50 •o 70 80 90 
Polar Angle (degrees) 
FIG. 2. Backscatter from two spherical voids at kt.a = 1;d = 3a: Compari- 
son of multiple scattering BEM (--) with T-matrix (X) results along with 
an analytical approximation which neglects interaction (- - -). 
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spheres, a separation of variables olution 24 is used for the 
solitary scatterer computation. In this case, the effect of in- 
teraction appears as a perturbation of the first-order approx- 
imation. The major variation, as a function of incident angle, 
is caused by the separation-induced interference of the oth- 
erwise identical backscatter from the two spheres. The ap- 
proximate solution accounts for this effect and thus captures 
the dominant variation. 
Figure 3 shows the results for a two sphere problem 
similar to that depicted in Fig. 2. The host material proper- 
ties were changed to that of a titanium alloy with Poisson's 
ratio equal to 0.3188 in order to reproduce a previous calcu- 
lation by Domany et al. 3 The incident field propagation di- 
rection is along the line that passes through both sphere 
centers, i.e., the coaxial direction. The magnitude of the scat- 
tering amplitude is shown as a function of scattered angle. 
Again, the first-order approximation exhibits the dominant 
trends that are due to both interference and to scattering 
amplitude variation for each individual scatterer. In Ref. 3, 
the solution to this problem was estimated by a second-order 
multiple scattering approach. As these approximations are 
physically interpreted, second order means the interaction is 
approximated with the scattered field generated by the in- 
homogeneities acting individually. Judging from the success 
of the first-order approximation in representing the domi- 
nant effects of the scattered field shown in Fig. 2, it seems 
reasonable that the interaction might be approximated this 
way, at least for this separation and frequency. The second- 
order BEM results given in Fig. 3 are obtained by stopping 
the hybrid scheme after two iterations, and they do nearly 
match our converged BEM results. The meticulous reader 
will note that the difference between the noninteracting and 
the second-order solution is exactly opposite that of Ref. 3, 
but that discrepancy has been resolved. 25 The magnitude of 
the perturbation due to interaction is the same and subse- 
quent investigation has shown that the contribution of high- 
er-order terms is indeed negligible. 
In Figs. 4-6, the effect of scatterer shape and dimension- 
less frequency on the interaction between two voids is con- 
sidered. In each case, the total scattering cross section is 
plotted as a function of separation distance. The cross sec- 
tion was selected because it is a standard measure of scatter- 
ing and more importantly because it relates to the forward 
scattering amplitude, as previously mentioned. Forward 
(0 s = 0/) scattering is unique with multiple inhomogene- 
ities because the noninteracting component is independent 
of relative position. The incident plus scattered propagation 
path length remains constant; thus the interference which 
occurred in the previous examples is not present. Higher- 
order interaction effects can, therefore, be isolated from the 
sometimes dominant first-order effect. 
The results for two spherical voids at kL a equal re/2 are 
shown in Fig. 4 for coaxial incidence. Separation between 
sphere centers ranges from 2.5-10 radial units a. Poisson's 
ratio of the host material for this and all remaining examples 
is equal to 1/3. The solution based on a second-order trun- 
cated series, like in Ref. 2, looses accuracy as separation de- 
creases. The third-order generalized Born series approxima- 
tion results are in much better agreement with the converged 
solution. 
Figure 5 depicts a situation similar to that of Fig. 4 ex- 
cept the spherical voids are replaced by oblate spheroidal 
voids. With a 10:1 aspect ratio, these voids display "crack- 
like" behavior when considered as isolated scatterers. TM It is 
not clear whether these finite thickness "crack" models have 
near-field behavior similar to zero thickness crack models, 
so the interaction of these two oblate spheroids may not be 
indicative of two cracks. The oblate spheroids are oriented 
parallel to each other with the small semi-axes oriented 
coaxial. The incident field propagation direction is also 
along this axis. The characteristic dimension a is the major 
semi-axis length. The same truncated series approximations 
are compared to the converged solution over the separation 
range of 1-6 a units. In both cases, the second-order approxi- 
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FIG. 3. Scattering from two spherical voids in titanium at k L a = 1 ;d = 3a 
for coaxial incidence: Comparison of BEM-generated second-order (--) 
and converged ( + ) Born series approximations with a first-order analyti- 
cal approximation which neglects interaction (- - -). 
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FIG. 4. Total scattering cross section of two spherical voids at kL a = rr/2 
for coaxial incidence as a function of separation distance d: Comparison of 
first (---), second (--), third (•), and converged ( + ) Born series ap- 
proximations for the scatterer interaction. 
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FIG. 5. Total scattering cross section of two oblate (10:10:1) spheroidal 
voids at kL a = •r/2 for coaxial incidence as a function of separation distance 
d: Comparison of first (- - -), second (--), third (•), and converged ( -t- ) 
Born series approximations for the scatterer interaction. 
mation captures the major fluctuations in the converged so- 
lution except at small separations. Since the oblate spheroids 
can be brought closer together without overlapping (i.e., 
d < 2a), significant deviation between the third-order ap- 
proximation and the converged solution can be observed for 
this case. The most interesting behavior at this close range is 
that these lower-order partial sums do not converge mono- 
tonically. 
Frequency as well as shape plays a role in the accuracy 
of a given order Born approximation. Figure 6 shows results 
for the same oblate spheroids as Fig. 5 but at twice the fre- 
quency, kL a equal •r. Since the wavelength is smaller, there is 
more structure in the scattering cross section plot over a 
given separation range. Higher-order generalized Born se- 
ries approximation solutions are needed to attain similar 
agreement with the converged solution. Still, in general, the 
number of iterations needed to obtain an accurate solution is 
quite small for these closely positioned strong scatterers. 
B. Resonance and convergence 
Convergence of the hybrid method is an important is- 
sue. While the domain splitting eliminates the kernel singu- 
larity problem, the Neumann series may converge slowly or 
not at all in practice. Failure to converge is caused by a viola- 
tion of the condition expressed in Eq. (8b) by the interaction 
integral operator. The physical significance of successive 
terms of the Neumann series as additional reflections indi- 
cates that convergence is dependent on the interaction 
strength. In general Gauss-Seidel iteration may be divergent 
if the equations are not sufficiently diagonally dominant. 
The off-diagonal blocks of Eq. (12) are the interaction 
terms. Pairs of strong scatterers have been shown to con- 
verge slower than weak scatterers 26'27 as expected. The itera- 
tions required to converge increased as separation distance 
decreased for the problems depicted in Figs. 4-6, which is 
also consistent with this idea. Along with the impedance 
change and separation distance effects, the geometric ar- 
rangement determines the level of interaction. 
If a resonance is set up by trapping waves between two 
scatterers, one might expect higher-order generalized Born 
series approximation terms to be significant since multiple 
reflections are involved. To illustrate the concept of trapping 
energy between two scatterers, we consider the problem of 
two parallel oblate spheroidal voids whose centroids are sep- 
arated by one major semi-axis length. A high-frequency opti- 
cal analogy to this arrangement would be two parallel mir- 
rors. Energy density between the voids is characterized by 
the magnitude of the total displacement field, lul, at the mid- 
point of the common axis. This quantity is shown as a func- 
tion of frequency in Fig. 7. (These multifrequency BEM 
data were generated by the fully implicit method as a matter 
of convenience. ) The fundamental resonance is quite evident 
at kL a--• •r/4. This peak is quite sharp considering that much 
of the incident energy is scattered off to infinity and not 
directed toward the other scatterer. 
Table I presents the convergence properties of the hy- 
brid method for this problem. The number of iterations re- 
quired rises dramatically as the voids are brought close to- 
15 
1 • 3 4 5 
Separation 
FIG. 6. Total scattering cross section of two oblate ( 10:10:1 ) spheroidal 
voids at k L a = •rfor coaxial incidence as a function of separation distance d: 
Comparison of first (---), third (--),fifth (•), and converged ( -t- ) Born 
series approximations for the scatterer interaction. 
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FIG. 7. Magnitude of displacement at midpoint between two parallel oblate 
( 10:10:1 ) spheroidal voids as a function of frequency. Separation distance is 
equal to one major semiaxis length and the exciting field is a planar longitu- 
dinal wave with coaxial incidence. 
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TABLE I. Iterations for the hybrid method to converge with two parallel, oblate ( 10:10:1 ) spheroidal voids at various frequencies. Separation d between 
centroids is in terms of major semiaxis length a. Parentheses indicate iterations when using relaxation. 
1.0 1.2 1.5 2.0 4.0 8.0 
•/8 10 8 7 6 4 4 
•/4 54 48 20 13 6 5 
5•/16 • 96 29 15 5 5 
(157) (71) (35) (21) (20) (22) 
3•/8 254 48 23 12 5 5 
7•/16 70 30 20 10 6 4 
•/2 71 28 15 8 7 5 
5•/8 30 18 12 8 8 5 
3•/4 25 16 11 11 7 6 
7•/8 22 15 10 13 8 6 
• 29 18 14 14 8 6 
9w/8 28 19 19 17 . 10 6 
5w/4 28 25 26 20 10 7 
gether. Frequency affects the number of iterations, but not in 
a way that is consistent with the resonance concept. At a 
separation of one, the hybrid method diverged at kL a equal 
to 5re/16, but yet it converged at re/4 •vhich is very near the 
fundamental frequency. This table, along with Figs. 5 and 6, 
illustrates how strict our convergence criteria are. At the 
upper end of the separation distance scales in those figures, 
there is very little difference between the converged solution 
and the low-order truncated solutions. Yet, many additional 
iterations were required to meet the criteria. Even with these 
extra iterations, the hybrid scheme does provide substantial 
computational saving over the fully implicit method. At kL a 
equal to re/2, which has poorer than average convergence, a
study of 191 relative positions took 148 CPU min on an 
Apollo DN 10000 engineering workstation using the itera- 
tive method. Estimating from a single position run, the same 
study would have taken 820 min with the fully implicit 
method. Table I also demonstrates how relaxation can be 
used to expand the realm of convergence. By using a typical 
under-relaxation parameter of 0.5 [e.g., us • U N_ 1 
-'[- 0'5(UN -- UN--1 ) ]' the hybrid method is made to con- 
verge at k• a = 5rr/16 and d = 1. But note that more itera- 
tions are then required for large separations. 
Treating scatterer interaction with a generalized Born 
series approximation allows for efficient calculations that 
are often quite accurate even when only a few terms in the 
series are used. Next, we evaluate an even simpler approxi- 
mation which is surprisingly robust. 
IV. FAR-FIELD APPROXIMATION 
The far-field approximation for the interacting portion 
of the scattering process is a very simple approximation from 
both the conceptual and the implementation standpoints. 
From the generalized Born series approximation results, we 
have learned that the true solution can be thought of as a 
perturbation of the noninteracting approximation. The in- 
teraction can be strictly interpreted as sum of twice, thrice, 
etc., scattered waves. Further, we saw that the twice scat- 
tered waves comprise almost all of the interaction except 
when the defects are close together. In this section, we take 
this notion of countable wave-scatterer interactions and ap- 
ply a simple estimate. 
With the far-field approximation, the scattered field 
generated by a single scatterer is assumed to be characterized 
by the scattering amplitude everywhere. In other words, the 
nonradiating evanescent near field is ignored. This assump- 
tion improves as the distance between scatterers increases. 
Second, our far-field approximation ignores the curvature of 
the spherically spreading scattered wave front and charac- 
terizes the interacting field as a single plane wave over the 
entire subsequent scatterer. This secondary assumption also 
improves as the distance between scatterers increases. This 
approximation is appealing because the entire interaction 
portion of the multiple scattering problem is reduced to an 
analytical calculation in terms of scattering amplitudes, 
which can be computed by methods for solitary scatterers. 
In the following subsections, this approximation is investi- 
gated for specific cases involving two scatterers. 
A. Identical symmetric scatterers 
Consider the case of two identical scatterers with at least 
three orthogonal symmetry planes, and further assume the 
spatial offset between the two scatterer centroids is along a 
symmetry plane intersection line. This arrangement was se- 
lected because it is sufficiently general to include spheres, 
spheroids, and ellipsoids which are commonly studied and 
yet it has enough symmetry to keep the illustrative calcula- 
tion simple. The far-field approximation is not dependent on 
any symmetry assumption. The general problem is illustrat- 
ed in Figs. 1 and 8 in which the • dependence, if any, is not 
shown. The incident field propagation direction may like- 
wise be arbitrary. We consider two particular incident fields, 
one propagating parallel to the common axis (coaxial) and 
the other one propagating perpendicular (lateral) to it. Sec- 
ondary and tertiary interactions for the lateral incidence sit- 
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uation are depicted in Fig. 8. The coaxial incidence case is 
similar except that there are formally no transverse waves 
traveling between the two scatterers due to the additional 
symmetry. 
The first-order far-field approximation is identical with 
the first Born approximation of the interaction (i.e., no in- 
teraction). A formula for the combined scattering amplitude 
B, with coaxial (0 • = 0) incidence is 
B (•)_ s) s) L(O,O =AL_L(O,O 
X(l+exp[ik•d(1-cos0S)]}. (14a) 
This equation generates the noninteracting approximation 
shown in Fig. 3 and in conjunction with Eq. (6), also those 
in Figs. 4-6. The complex exponential expresses the relative 
phase shift due to the difference in propagation path length. 
For example, when 0 s equals 180 ø, the backscattered signal 
from the second scatterer is 2kL d radians out of phase rela- 
tive the signal backscattered from the first scatterer. In the 
forward direction (0 s= 0), the separation distance has no 
effect, as previously stated. The corresponding formula for 
lateral incidence is 
B •' ) s) s) _ •. (90,0 = A•._ •. (90,0 
X [ 1 + exp( -- ik•d cos 0 s) ]. (14b) 
The second-order far-field approximation includes the 
first-order term plus the interaction shown schematically in 
Fig. 8(a). The interaction is shown as split into scattered 
fields emanating from the upper and lower inhomogeneities, 
to enhance understanding. Both processes occur simulta- 
neously, but have different functional forms. For lateral inci- 
dence, the relationship is 
B (•2) (90,0 s) B (•) s) 
_,• = _t•(90, O +At•_,•(90,O)exp(ikt•d)[At•_t•(180, O s)
+ A,•_ ,• (0,0 S)exp( -- ik,•d cos O s) ]/d + A,•_ r(90,O)exp(ikrd) 
X JAr_ ,• ( 180,0 s) + At_ ,• (0,0 S)exp( -- ikrd cos O s) ]/d. (15a) 
L T 
.... • (a) (b) 
L L 
T T 
FIG. 8. Propagation path of (a) second and (b) third order effects from two scatterers with a laterally incident plane wave. 
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The T-L scattering amplitudes in this expression can be cal- 
culated from the methods of Ref. 24 by applying the princi- 
ple of mode conversion reciprocity. '? For coaxial incidence 
the expression is somewhat simpler: 
B [• ,• (O,O s) 
,• (0,0 q- A,•_ ,• (0,0)A,•_ ,• (0,0 s) 
X exp[ ikLd( 1 - cos O s) ]/d q- AL_ • (0,180) 
X Ai•_i• ( 180, OS)exp(2ik•d)/d. (15b) 
The third-order approximation adds the effects from 
waves that scatter from the inhomogeneities three times be- 
fore spreading into the far field. The two possible paths of 
these waves for lateral incidence are shown in Fig. 8(b). For 
each increment in order, the path includes an additional 
traverse between the two scatterers [cf. Fig. 8 (a) and (b) ]. 
The third-order terms are similar to the first order except 
that the waves are first scattered to the other inhomogeneity 
and then back again. Fourth-order terms are like the second 
order except for the same additional "over and back" scat- 
tering. This reasoning continues for fifth, sixth, etc., orders 
and the sum takes the form of a power series of a complex 
variable. Consequently, an infinite-order far-field approxi- 
mation can be written down in closed form by utilizing the 
common formula, (1- z)-'= •LoZ". For coaxial inci- 
dence it is 
a ?,,. (o,o a - = L(O,O + {d exp(--ikLd) [AL_L(O, 180)]2exp(ikLd)/d}-•(AL_L(O,O) 
X [A•_• (0,0 S)exp( -- ikLdcos O s) + exp(ikLd)A•_• (0,180)A•_ • (180, OS)/d ] 
+ AL_ • (O, 180)exp(ik•d) 
X [A•_• (180,0 s) + exp(ikLd(1 --cos OS))A•_• (180,0)A•_ • (O, OS)/d ]}, (16) 
providing that IA ,• _ ,• (0,180 ) I < d. 
Comparisons of the total scattering cross section are 
made between the far-field approximat?n and the con- 
verged generalized Born series solution. We will begin with 
the two spherical void problem under coaxial incidence. Fig- 
ure 9 compares the converged solution from the hybrid 
method with the first-, second-, and infinite-order far-field 
approximations. The second-order far-field approximation 
captures the oscillations of the solution but overestimates 
the deviation from the noninteracting approximation for 
separations less than two wavelengths (8 radii). The infi- 
nite-order approximation differs significantly from the sec- 
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FIG. 9. Total scattering cross section of two spherical voids at kLa 
for coaxial incidence as a function of separation distance d: Comparison of 
first (---), second (--), and infinite order (•) far-field approximations 
with the converged BEM solution ( q- ). 
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ond order only for separations less than one wavelength. In 
that regime the far-field assumptions are suspect and includ- 
ing more terms offers no improvement. 
Most of the structure in the BEM solution can be inter- 
preted physically by inspecting the terms in Eq. (15b) which 
approximates the dominate effects. The oscillations are due 
to the complex exponential in the last term and represent he 
interference of a doubly backscattered wave with the singly 
scattered waves. The spatial period is set by the longitudinal 
wavelength. The strength of the approximated fluctuation 
decays as 1/d since the far-field assumption implies the in- 
terflaw scattered field likewise decays. The oscillations are 
offset from the noninteracting approximation by the second 
term of (15b) which represents a doubly forward scattered 
wave and, consequently, also has the 1/d decay. 
Figure 10 is for the same situation as Fig. 9 except that 
the incidence is normal to the common axis. The second- 
order far-field approximation very nearly matches the true 
solution all the way down to when the voids are almost 
touching. The fluctuations with respect to separation have 
the appearance of a superposition of a fundamental frequen- 
cy and its first harmonic, both with an underlying 1/d decay. 
Recalling that the ratio ofkr to kL is two and examining Eq. 
(15a) reveals that this behavior is exactly what would be 
physically expected. 
The oscillatory nature of the total cross section versus 
separation comes from terms of the form: exp(ikd). Figure 
11 shows a comparison versus frequency at a fixed separa- 
tion of seven radii. The far-field approximations are pro- 
vided by Eqs. (14a) and (15b). The dominant effect is due to 
the change in scattering amplitude with frequency and thus 
the noninteracting approximation is quite good. The second- 
order approximation captures the subtle fluctuations 
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FIG. 10. Total scattering cross section of two spherical voids at kL a = re/2 
for lateral incidence as a function of separation distance d: Comparison of 
first- (-- -) and second-order (--) far-field approximations with the con- 
verged BEM solution ( + ). 
[ exp(ikd) terms ] up through a k L a of about 2. The accuracy 
of the far-field approximation is frequency as well as separa- 
tion dependent. 
Although the far-field approximation formulas in this 
section are for identical scatterers, it is straightforward to 
construct relationships for unmatched flaws from these ex- 
amples. Likewise, three or more scatterers could be treated 
but the interaction "bookkeeping" becomes difficult beyond 
second order. 
B. Equivalent near-field scattering amplitudes 
A critical element to the success of the far-field approxi- 
mation is the accuracy of the far-field scattering amplitude 
in predicting the near field. The actual near scattered field 
can be quantified by a distance-dependent "equivalent scat- 
tering amplitude," which is given by an expression similar to 
Eq. (5) but without the limit. The sphere is a convenient 
object to make these comparisons on, due to the availability 
of an analytical solution from which to gain insight. Refer- 
ence 24 provides an expression for the radial displacement 
due to a 0 • equal to 0 ø incident L wave: 
• ( dh,(kLr) U•r(r, OS)_ 1 k•rA r ,=o • d(k•r) 
-- n(n + 1)B,,(krr))P,(cos Os), 
(17) 
where A,and B, are coefficients dependent on frequency 
and material properties. The P, and h, are Legendre polyno- 
mials and spherical Hankel functions, respectively. These 
Hankel functions can be expressed as a power series in 1/z 
times eiZ/z, where z is the function argument. Considering 
the next order terms beyond the far-field asymptotic, an ap- 
proximation to the equivalent scattering amplitude has the 
form 
n=0 
(18) 
The tilde on A, and B, indicates an absorption of the Hankel 
function power series coefficients into the scattered field co- 
efficients. The error in using the far-field value in the near 
field drops off as 1/r and has a spatial oscillation whose 
wavelength is determined by the difference in the wave 
numbers. 
Figure 12 compares the complex components of an ana- 
lytically generated equivalent scattering amplitude with the 
far-field asymptotic values. Backscattering amplitude is con- 
sidered because its value is used repeatedly in higher-order 
interaction terms. The decaying and oscillating behavior of 
the leading error terms is just as predicted by Eq. (18). The 
magnitude of the deviation varies with frequency and scat- 
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FIG. 11. Total scattering cross section of two spherical voids at d = 7a for 
coaxial incidence as a function of frequency: Comparison of first- (- - -) and 
second-order (--) far-field approximations with the converged BEM solu- 
tion ( + ). 
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FIG. 12. Equivalent backscattering amplitude of a single spherical void at 
kL a = re/2 as a function of radial distance: Comparison of exact analytical 
solution components (--) with the far-field approximation (- - -). 
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tered angle and would, in general, need to be studied for each 
case. But for this situation, the deviation of the equivalent 
scattering amplitude from the far-field value and the error in 
the far-field approximation shown in Fig. 9 are consistent. 
Both approximations have significant problems at separa- 
tions less than 3.5 radii at this frequency. 
The accuracy of the equivalent scattering amplitudes in 
the near field of an oblate spheroid has also been studied by 
using the BEM. •9 Again, the breakdown of the far-field ap- 
proximation is consistent with the difference between the 
equivalent scattering amplitude and its asymptotic. Figure 
13 shows a comparison of the first and second far-field ap- 
proximations for the total cross section with the hybrid solu- 
tion for two oblate spheroids as a function of separation. The 
frequency is the same as the dual sphere problem of Fig. 9 
and the breakdown of the second-order approximation oc- 
curs at roughly the same separation. The true cross section 
deviates from this second-order approximation [ Eq. (15b) ] 
most noticeably near every fourth crossing of the first-order 
approximation line. Interscatterer shear waves whose prop- 
agation phase delay is (kT- kL )d [see B n term of Eq. 
(18) ] rather than 2kL d [ see last term of Eq. (15b) ] would 
exhibit this subharmonic behavior. The generation of dif- 
fracted T waves by crack tips is a well-known phenomenon 
and the "cracklike" behavior of a 10:10:1 oblate spheroid has 
been demonstrated. •2 The T waves generated around the 
edge of a circular crack by a normally incident L wave cancel 
in the forward and backward directions due to symmetry. 
However, when the two spheroids are closely spaced, some 
interflaw propagation paths are slightly off-axis, which 
would permit T-wave-based interactions. 
V. CONCLUDING REMARKS 
The simplest reasonable approximation of scatterer in- 
teraction is to simply ignore the interaction completely but 
to sum the individual scattered fields with the appropriate 
position-dependent phase corrections. This noninteraction 
assumption is reasonably accurate for intermediate frequen- 
0 2 4 •$ 8 10 12 14 1•$ 18 20 
Separation 
FIG. 13. Total scattering cross section of two parallel oblate (10:10:1) 
spheroidal voids at kL a = •r/2 for coaxial incidence as a function of separa- 
tion distance d: Comparison of first- (- - -) and second-order (--) far-field 
approximations with the converged BEM solution ( + ). 
cy scattering, if strong scatterers uch as voids are separated 
by several wavelengths or more. For better accuracy and/or 
for smaller separations, the far-field approximation seems to 
work quite well. It has the advantage of reducing the interac- 
tion phenomena to an analytical calculation. Although for 
some configurations it is feasible to consider infinite multiple 
reflections with this approach, the contribution of reflec- 
tions beyond the first few is small at low and intermediate 
frequency•xcept when the scatterers are separated by dis- 
tances on the order of their dimensions. The far-field approx- 
imation cannot be expected to be reliable at such close dis- 
tances. At intermediate separation distances the 
second-order far-field approximation is appropriate and 
quite accurate--at least for the situations examined. 
For inhomogeneities which are within each others' near 
scattered fields, the BEM-based, hybrid implicit-iterative 
method provides an efficient means of computing combined 
scattering amplitudes for arbitrary shapes and configura- 
tions. This method is especially efficient if the decomposed 
BEM matrices for the individual scatterers already exist in a 
library as advocated in Ref. 11. The convergence of this 
scheme is not always guaranteed, as we have seen, but the 
fully implicit method is always available in case of difficulty. 
For elastic inclusions, the advantages are greater than with 
voids since the number of simultaneous equations is dou- 
bled, half of the cross-influence matrix is identically zero, 
and the reduction in impedance mismatch enhances the con- 
vergence rate. 26'•? Often the number of iterations required to 
accurately predict far-field quantities is fairly modest. 
All of our examples for the generalized Born series ap- 
proximation have been two scatterer problems. Hinrich- 
sen •8 has implemented Schuster's algorithm for acoustic 
problems involving two through six inhomogeneities. 
Achenbach and Kitahara •9 have utilized a 3-D BEM (with 
constant field interpolation over each element) on a problem 
involving an array of spherical voids. But the most enticing 
extension is to half-space problems. Bostr6m and Kristens- 
son 3ø and Domany and Entin-Wohlman 3' previously recog- 
nized interaction decoupling as a means to solve scattering 
by a subsurface defect. Half-space problems can be solved 
via the BEM using half-space kernels or by using a full-space 
kernel and then also discretizing the section of the half-space 
boundary near the flaw. 32 When solved by a fully implicit 
method, the full-space kernel/discretized boundary ap- 
proach proved not to be computationally competitive with 
the use of half-space kernels but affords the option of a 
curved boundary. 3• In the context of NDE, crucial defects 
are often located below a sharply curved component surface. 
We surmise that near subsurface flaw scattering problems 
can be handled quite efficiently by the discretized boundary 
approach once the flaw matrix is only iteratively coupled to 
the truncated boundary matrix. 
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